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Abstract We study determinantal point processes arising in random domino tilings
of a double Aztec diamond, a region consisting of two overlapping Aztec diamonds.
At a turning point in a single Aztec diamond where the disordered region touches the
boundary, the natural limiting process is the GUE-minor process. Increasing the size of
a double Aztec diamond while keeping the overlap between the two Aztec diamonds
finite, we obtain a new determinantal point process which we call the tacnode GUE-
minor process. This process can be thought of as two colliding GUE-minor processes.
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As part of the derivation of the particle kernel whose scaling limit naturally gives the
tacnode GUE-minor process, we find the inverse Kasteleyn matrix for the dimer model
version of the Double Aztec diamond.
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1 Introduction and main results

An Aztec diamond of order n consists of all squares of the square lattice whose centers
(x, y) satisty |x| 4+ |y| < nforn € N. A domino is a union of two adjacent squares. A
domino tiling of an Aztec diamond, introduced in [8,9], is an arrangement of dominos
such that each square of the Aztec diamond is covered exactly once by a domino.
By assigning a weight to each domino, a domino tiling is picked at random with
probability proportional to the product of the domino weights of the domino tiling.
There are in fact four different types of dominos in a tiling: the dominos can be placed
in two orientations, each of which comes in two different parities. These parities
can be seen by giving the Aztec diamond a checkerboard coloring—for horizontal
dominos, either the left square is black or it is white. Uniformly random tilings of
large Aztec diamonds exhibit striking features—the main one being that these tilings
exhibit a limit shape, described by the Arctic circle theorem [13]: for Aztec diamonds

ith high order and with asymptotically high probability there is an inscribed circle
ns all four types of dominos while outside
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this circle there are four frozen regions each containing one type of domino arranged in
aregular brick wall pattern; see [10, 14,15,23]. When the weight a of vertical dominos
is different from the one of horizontal dominos, then the arctic circle gets replaced by
an inscribed arctic ellipse.

In [2], the authors investigate the domino tiling of two overlapping Aztec diamonds,
each of size n, with weight 0 < a < 1 for vertical dominos and weight 1 for horizontal
dominos. When the size of the diamonds and the overlap both become very large, in
such a way that the two arctic ellipses for the single Aztec diamonds merely touch, then
a new critical process, the tacnode process, will appear near the point of osculation
(tacnode); itis run with a time in the direction of the common tangent to the ellipses. The
kernel governing the local statistics of the tacnode process is given by a perturbation of
the Airy process kernel by an integral of two functions. It was also shown in [2] that this
tacnode process has some universal character: it coincides with the one found in the
context of two groups of non-intersecting random walks [1] and Brownian motions,
meeting momentarily [11,16]; see also [7].

Another ingredient here is the process given by the successive interlacing eigen-
values of minors of a GUE-matrix: the so-called GUE-minor process. In [17] this
process has arisen in the following model: magnifying the infinitesimal region about
the point of tangency of the arctic ellipses with the edge of a single Aztec diamond for
large n, leads to a determinantal process of interlacing points on the successive lines
through (say) the black squares, parallel to the edge of the diamond. This yields the
GUE-minor process, see also [21].

In the present work, we consider two overlapping Aztec diamonds with an overlap,
which remains finite, when the size of the diamonds tends to infinity. In order to
maintain the osculation of the two inscribed ellipses, the geometry forces the weight
a of the vertical dominos to tend to the weight of the horizontal dominos, say at rate
B+/2/n. Macroscopically this amounts to two Aztec diamonds with inscribed arctic
circles intersecting infinitesimally. The top figure in Fig. 1 shows a relatively large
simulation of a double Aztec diamond. In view of the comments above, it seems
natural that this process be related to the GUE-minor kernel. Indeed, when n tends to
infinity, looking with a magnifying glass at the infinitesimal overlap of the diamonds
gives rise to a new determinantal point process, with local statistics given by the so-
called tacnode GUE-minor kernel; it is a finite rank perturbation of the GUE-minor
kernel mentioned above; see Theorems 1.4 and 1.5 in Sect. 1.3. The random matrix
theory counterpart of this distribution, as described in [3], involves two GUE-matrices
coupled together via the spectra of principal minors.

In [2], the authors considered successive lines through black squares perpendicular
to the region of overlap with dots in the black square each time the dominos covering
that square is pointing to the right of or above the line (green and red dominos, i.e.,
south and west as in Fig. 5); these are called the K-particles. In this work, we shall
mainly consider successive lines parallel to the region of overlap and put a dot in the
black square each time the dominos covering that square is pointing to the right of or
below that line (green and blue dominos, i.e., south and east as in Fig. 5); these give
the L-particles (Sect. 1.2). Figure 2 shows the K and L-particles for the simulation
drawn in Fig. 1.

@ Springer
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Fig. 1 A simulation of a double Aztec diamond with n = 100 and p = 4 with the weight a of vertical
and horizontal tiles equal to 1. Both figures are rotated by 7 /4 counter-clockwise. The fop figure shows the
domino tiling with four colors representing the four types of dominos. The bottom figure shows the level
lines of the height function for the tiling which are defined in Sect. 1.1. The simulation was made using the
generalized domino shuffle [22] (color figure online)

In Theorem 1.1, we deduce the kernel for the L-particles from the one of the K-
particles, by first obtaining in Theorem 2.3 (Sect. 6) the inverse Kasteleyn matrix [18]
for the double Aztec diamond in terms of the K-kernel and then deduce in Sect. 7 the IL-
kernel of the particles from that same inverse Kasteleyn matrix. The inverse Kasteleyn
matrix of a single Aztec diamond had been obtained for a = 1 by [12] and generalized
for all a recently in [5]. A similar extension, that is using the Kasteleyn approach to
go between two particle kernels has been used previously for lozenge tilings [4].

In Proposition 1.3, Sect. 1.2, we study the specific interlacing pattern of the IL-
particles. We state in Theorem 1.4, Sect. 1.3 and prove in Sect. 5 that, in the scaling
limit n — oo, the LL-process in the infinitesimal overlap is indeed driven by the
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Fig. 2 The top picture shows the blue and red L-particles for the simulation in Fig. 1. Roughly speaking,
the L-particles represent the green and blue dominos in both Aztec diamonds and are colored either blue or
red depending on their location within the double Aztec diamond, see Sect. 1.2.1 for a complete description.
The bottom picture shows the K-particles for the same simulation in Fig. 1. The K-particles represent the
red and green dominos, see Sect. 1.2.2 for a complete description. Both figures have the same orientation
as Fig. 1 (color figure online)

tacnode GUE-minor kernel. Also, we state in Theorem 1.5, Sect. 1.3 and prove in
Sect. 5 that upon thinning at the rate p, = 1 — 2,/2/n, the K-process is also driven
by the same tacnode GUE-minor kernel, but with a (somewhat surprising) shift in one
of the discrete parameters.

1.1 Domino tilings of double Aztec diamonds and random surface

Consider two overlapping Aztec diamonds A and B, of equal sizes n and overlap p,
with opposite orientations; i.e., the upper-left square for diamond A is black and is

@ Springer
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2(n —p).

2n

2(2n -p+1

¢

Fig. 3 Double Aztec diamond with n = 8 and overlap p = 4, with the (£, ) coordinates with Aztec
diamond A enclosed by the blue dotted line and Aztec diamond B enclosed by the red dotted line. The
overlap contains p lines (through black squares) & = 2s forn — p < s < n (color figure online)

white for diamond B. The size n is the number of squares on the upper-left side and
the amount of overlap p counts the number of lines of black squares common to both
diamonds A and B. Let &, n be a system of coordinates as indicated in Fig. 3. The
even lines § = 2k for0 <k <2n — pandtheoddlinesn =2k —1forl <k <n
run through black squares. The p even lines € =2(n — p + 1), ..., 2n belong to the
overlap of the two diamonds. Dominos can be placed either vertically or horizontally
on the double Aztec diamond. We pick a domino tiling 7" at random with probability
proportional to a”"), where v(T) is the number of vertical dominos in 7'. We assign
the terms North, South, East and West to each type of domino, as given in Fig. 4.
Define

Mimn—p+1=4# [ white squares of diamond A along the line n = 0, ] ’

having an edge in common with the boundary

and define m such that

hen n and p have same parity
nn and p have opposite parity.

ol Ll Zyl_i.lbl
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Fig. 4 Random tiling of a double Aztec diamond with n = 8 and p = 4. The figure on the left shows the
underlying checkerboard structure while the figure on the right shows the same tiling with the level lines.
These are shown explicitly for the four types of dominos in the bottom figure. These level lines are the same
as the DR lattice paths [20]

Throughout the paper we assume, for simplicity, the same parity for n and p, so that
n—p=~2m.

Together with this arbitrary domino-tiling of the double Aztec diamond A U B, one
defines a piecewise-linear random surface, by means of a height function & specified
by the heights, prescribed on the single dominos according to Fig. 5; this height can
be taken to be piecewise-linear on each domino. This height function is different from
the usual one by Cohn et al. [6], but related to it by an affine transformation. Let the
upper-most edge of the double diamond A U B have height # = 0. Then, regardless
of the covering by dominos, the height function along the boundary of the double
diamond will always be as indicated in Fig. 5, with height 7 = 2n along the lower-
most edge of the double diamond. Away from the boundary the height function will,
of course, depend on the tiling; the associated heights are given in Fig. 5.

The height function 4 obtained in this way defines the domino tiling in a unique
way, because a white square together with its height specifies in a unique way to which
domino it belongs to: North, South, East and West; the same holds for black squares.

This height function associates thus a piece-wise linear random surface with each
random tiling and two groups of level curves of this random surface corresponding to
the half-integer values:

5 1 +1 5 1
,2,...,n 2,:1 e n 5

-level curves B-level curves

)

| —
[ (SN OS]

~~

>
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2n—-1 2n -1
2n 2n
h h h h
h:h-h . h h-h:h h -
h h h h+1 h+1 h+1 h+1 h+1 h+1 h +1
North East South West

Fig.5 The level lines including the height function around the boundary. The heights change in the interior
only when crossing a level line. The bottom figure shows the height change for each individual domino

Put the weighta > 0 on vertical dominoes and the weight 1 on horizontal dominoes,
so that the probability of a tiling configuration 7' can be expressed as

gffvertical domino’sinT

P (dOIIlan tlhng r) = Z . . gffvertical domino’sin T
all possible tilingsT

Remember 2m := n — p throughout the paper. We will also use the coordinates
indicated in Fig. 6. These are the coordinates, which we will call diamond coordinates,
that were used for the particle processes in [2]. The transformation from diamond
coordinates (z, x) to Kasteleyn coordinates (£, n) is given by:

z=n+1 E=7—-2x+4+2m

x =50 —&+2m+1) n=z-1 @b
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Fig. 6 Double Aztec diamond with n = 8 and overlap p = 4 with the (z, x) coordinates of the Aztec
diamond

1.2 Two determinantal point processes L. and K
1.2.1 The L-process

The L process is specified by putting a dot in the middle of the black square when the
line & = 2s in (&, n)-coordinates for 0 < s < 2n — p intersects a level curve. We call
these dots IL-particles. See Fig. 7 for an example. More precisely we can put a blue
dot when intersecting A-level curves and a red dot when intersecting B-level curves to
distinguish the dots coming from the two Aztec diamonds; see Fig. 8. In other terms,
put a dot in the black square each time the random surface goes down one unit along
the line £ = 2s.

We are concerned with the probabilities of the following kinds of events, where
[k, £] is an interval of odd integers along the n-axis (so k and £ can be taken odd):

{The line {§ = 2s} has an n-gap D [k, €]}
= {Interval [k, £] C {£ =2s} in n-coordinates contains no dot-particles}
={The random surface is flat along the n-interval [k, £] C {§& = 2s}}
= {Dominos covering [k, {] C {£ =2s} are pointing to the left of

or above the line {& =2s

} are red or yellow in upper Fig. 7}

@ Springer
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o el

Lol oo
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o-——@-—-
—e-—-

Fig.7 The top figures show the L particle process using the level lines (on the /eft) and the dominos on the
right. There is an LL particle for every green (south) and blue (east) domino. The botrom figures show the K
particle process. There is a K particle for every green (south) and red (west) domino (color figure online)

Theorem 1.1 The L-particles on the successive lines {§ = 2s} for 1 <s <2n —p
form a determinantal point process with correlation kernel'

Lo o1 m; &2, m2) = (1 +aHLO &1, 015 €2, m2)
— (1 +a) (M= KD As ) e (O)ey -

(1.2)

t in ZZ[a, oo], while A>y refers to the operator A
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’,c" 7
o ’,c" 6
¢ o e 5
° ¢ o e 4
o o & ¢ 4
° e . 4
5 ° o e . 4
o o o 4
¢ o ,o'( [ ° ) 5
. ( e o o . 6
] ] : . l,c" ] 7
. B B ¢ 3
. [ }§ . .
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] o o .
’.l, -1 °
e ',c" o
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Fig. 8 The red and blue L particles. The blue IL particles correspond to Aztec diamond A while the red
particles correspond to Aztec diamond B see Fig. 3. The numbers represent the total number of particles
on each line & = 2s (color figure online)

given by a perturbation of a kernel ]Lf,o) by an inner-product involving the resolvent of
yet another kernel K, all given by formulas (2.2) (Sect. 2.1). This shows that, given
q lines {& = 2s;} and integers ki, £;, with 0 < k; < {; < n, the gap probability is
expressed as the Fredholm determinant®

q
P(ﬂ {The line {¢ = 2s;} has an n-gap O [ki, e,-]})

i=1

= det (]I — [xtki,e1 () Lin, o s, mi 255, nj)X[kj,ej](nj)]ISi’jﬁq) ,

of the kernel L, .

This theorem will be proved in Sect. 2.
1.2.2 The K-process

Now we put instead a blue dot in the middle of the black square when the line z = 2k
in (z, x)-coordinates for 1 < k < n intersects an A-level curve and a red dot when

@ Springer
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intersecting a B-level curve; i.e., put a dot each time the random surface goes down
one unit along the line z = 2k; see Fig. 7. These dots define the K-particles. In this
instance, we are concerned with the probabilities of the following kinds of events,
where [k, £] is an interval along the x-axis:

{The line {z = 2r} has an x-gap D [k, £]}
={The interval [k, £] C {z=2r} in x-coordinates contains no dot-particles}
= {The random surface is flat along the x-interval [k, £] C {z = 2r}}
= {Dominos covering [k, £] C {z=2r} are pointing to the left or below {z =2r}}
= {Dominos covering [k, £] C {z=2r} are blue or yellow in lower Fig. 7}

Theorem 1.2 ([2]) The K-particles on the successive lines {z = 2r} for 1 <r <n
form a determinantal point process with correlation kernel given by perturbing the
one-Aztec diamond kernel Kg with an inner-product involving the resolvent of the
kernel K,, all defined in (2.4) and (2.5):

(—D)* VK, ,(2r, x; 25, y) = KS (2r, x; 2s, y)
R (L

>n—p+1

ays (b, Q) o (13)

>n—p+1

This shows that given q lines {z = 2r;} and integers k;, £;, withr;i —m —n <k; <
;i < ri +m, we have

q
]P’(ﬂ {the line {z = 2r;} has an x-gap D [k;, Zi]})

i=1

= det (]I — [ Xtk e DK, o (217, i3 21, xj)X[kj,Zj](xj)]lfi,qu) .

with a kernel K, .

The theorem was proved in [2] where the K-particles were called outlier particles.
The dot particles of the L-process satisfy the following interlacing pattern.

Proposition 1.3 For the L-process, the lines & = 2s contain blue dots and red dots,
according to the following interlacing patterns, with varying numbers:

lines & = 2s € Diamond | # of blue and red dots
O<s<n—p |€A n — s blue dots
s=n—p €A o blue dots

n — s blue dots

) to the right of
n—p<s<n |€ANB p dots with

s —n + p red dots

for each s

A.Q.B o-red dots
s — n red dots
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Fig. 9 The interlacing system 'S
of blue and red dots. The p + 1 o o
lines, {§ =25} € AN B and ’.«‘ l.,«' o
{€ =2(n — p)} € A, contain p ,”( ’.«’ l.,«' ”x
dots. All the other lines contain o o &
more dots. See Proposition 1.3 o s e
for more details on the P IR
interlacing (color figure online) P o g o ’
B S A O
. ’ ¢ o e »
¢ o o . .
e . »
) ,p'( .
¢ o e . o
. s ,o'/ ] . .
¢ o o s
T e e .
. T e
o ¢ o
o &

with interlacing of the blue dots and interlacing of the red dots, with regard to the
n-coordinate; in the overlap of the two diamonds, the dots interlace as well, with the
right most dot on the line & = 2s being to the right of the right most dot on the line
& = 25 4+ 2; also the left most dot on the line & = 2s + 2 is to the left of the left
most dot on the line § = 2s. Notice that the overlap contains p lines (through black
squares) & = 2s withn — p < s < n. m|

Figure 9 shows the above proposition schematically for the example tiling in Fig. 4.
The proposition will be proved in Sect. 4.

It is interesting to notice that, passing from the IL,, ,-process to the K, ,-process,
the dot is maintained in the horizontal dominos, whereas a dot in an East domino gets
replaced by a dot in a West domino; compare the pictures given in Fig. 7.

Recall the K, ,-point process is a process of dots along the lines n = 2k — 1 or
what is the same z = 2k. For the sake of the main theorem below, the point of view
will be switched around: namely, the K, ,-process induces a determinantal process of
dots along the lines £ = O up to & = 2(2n — p), inherited from the dots on the lines
Z = 2k. As mentioned, this process can be obtained from the L, ,-process by keeping
the dots belonging to the horizontal domino’s and moving the dots from the vertical
domino’s with a black square below to the vertical ones with a black square above;
see Fig. 7.

1.3 The Tacnode GUE-minor kernel and the main theorem

For the rest of the paper, we denote I, 4,.. .4, t0 be a positively oriented contour
containing the points ay, ..., a,. Where convenient, we denote y;, to be a positively

iente i i i containing the origin. We will also denote
e right of the contour 5.

ol ) Lil Zy I—i.lbl 2 prine
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The coupled GUE-minor kernel, depending on two parameters 3, p, is defined to be:

Kminor

(ul,ﬂ—yl; uz, f = y2)

>—p

K§S, @, yi; ua, y2) =

where K™ (57 x: i/, x') is the GUE-minor kernel, defined for n, n’ € Z, rather than
N. In the above equation, the subscript > — p refers to the space Iz (=p,...,00). This
kernel will appear below as the appropriate scaling limit of the [L-particle kernel. Define

. / /
Kmmor(n’ X; n/’ xl) = _]In>n/2n—n Hn—n (x _ xl)

et 242zx w",
(27t1)2 W — 7 g—w 2wy gn

with H" (z) defined for m > 1 as

7= 1

H"(z) := (m 1)|Hz>0

The kernel defined in Eq. (1.4) contains the functions:

d d —2§2+4ﬁ{ K
KEL, k) = ; / @’ 3 d
Q2ai)? ) w— ¢ e—20™+4Bw @A t]
Iy L
d do e=S=DC v [ gr 82200428
AP () 1= ¢ o e £ Le 7 15
Q2ri)2) —we—20*+4Bw g+l [ 2gi  putetl
L
d d —20244¢B 4 d U1
By = [ = v / S e
Qi) ) (—w @20y 271 e’ —2w(y+2B)
Iy L Iy

To be precise in the limit theorems we should replace I.>o by I;~0 + %]Izzo in
the case of the LL-process, (1.7) in Theorem 1.4 below, and by I;~ ¢ in the case of the
K-process, (1.9) in Theorem 1.5 below. Since these changes do not affect the limiting
point process we will ignore this fine point. Some properties of the kernel are given in
Sect. 3. Notice that the scaling in the theorems below could have been derived from
the scaling used in the limit of the K-kernel to the tacnode process, combined with the
way the weighta — 1.

The main statement of the paper reads as follows.

Theorem 1.4 Let the size of the Aztec diamonds be equal to n. Suppose that when n
tends to infinity, the overlap p = n — 2m is finite and the a, the weight of each vertical
domino, tends 1 in the following way:
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The coordinates (€, 1) are scaled as follows,

& =2(n—u;), ni =2t +2[yi\/;] —1, withu; € Z,y; € R. (1.6)

where we set t = [n/2]. With this scaling, the following limit holds:

lim (—a) M2 ()R, (6, s &, m)VT=KES (ur, yi; ua, o).
n—00 P B.p
(1.7)

We also have that the rescaled 1L-particle process converges weakly to the determi-
nantal point process given by the tacnode GUE-minor kernel.

In the above theorem, note that &; is always even and 7n; always odd. When we go
from 7; to y; we first go from the odd integers to the standard integers to get [y; /7]
and then rescale by /7 to go to continuous coordinates y; in the limit. This explains
why the correlation kernel is rescaled by just /7.

Remember the remark at the end of Sect. 1.2. The K-process induces a process of
particles along the consecutive lines {§ = 2s}. This is to say the roles of 2r and x in
the kernel K, , get reversed from the point of view of scaling: the variable 2r turns
into the continuous variable y and the variables x into the discrete variable u. The
simulations of lower-Fig. 2 show that the lines {§ = 2s} passing through the overlap
AN B contain long dense stretches of K-particles. But performing a random thinning,
one nevertheless is led in the limit to a point process kernel, which turns out to be the
same tacnode GUE-minor kernel, except for some shift.

We do not have a transparent explanation of why we get the same limiting ker-
nel. However, a few extra-words here might help. The dots on the south-dominos
(green dominos as in Fig. 5) are L-particles, as well as K-particles, whereas the LL-
particles belonging to east-dominos (blue) get replaced by K-particles belonging to
west-dominos (red), showing duality between east and west dominos. Because of the
thinning, south dominos become rare and play no role in the K-process. This provides
some explanation why, in appropriate limits, both processes lead to the same statistics;
the shift by 1 in the u,-coordinate remains mysterious. This is the content of the next
theorem.

Theorem 1.5 Let a, n and p be as in the previous theorem and consider the same
scaling as above, but expressed in the (x, z)-coordinates, using the map (1.1),

2xi = —p + 2u; +2[yiv1l, 2r =2t 4+ 2[yi/1]. (1.8)

Let the K-particles be thinned out at the rate p, = 1 — 2//t. We then have the
following limit:

lim (1 — py)a”? " (VO 2 (M TREK, (20, X1 2, X2)N/E
n—oo

= K§, (ua + 1, y2; u1, y1). (1.9)

Interpreted as.aweak limit of a point process this means that if we thin the K-process by
removing each K-particle independently with probability p,, then the resulting point

@ Springer



290 M. Adler et al.

process converges weakly to a determinantal point process given by the correlation
kernel on the right hand side of (1.9).

Notice the kernel K?fp is the same as the one in Theorem 1.4, except for the shift in
uy and the flip u; <> uj and y; < y».

We now explain our results using the relatively large simultations introduced earlier
in the paper. The geometry of the level curves for the double Aztec diamond, when
n — 00, looks as in Fig. 1. The K and L particle processes have also been plotted for
this simulation and is found in Fig. 2. As n — oo, the particles take continuous values
on each line; they are constrained by the same interlacing as in Proposition 1.3.

2 The Kkernel for the L-process, via Kasteleyn
2.1 The L-particle process

The kernel L, ,, for the IL-process is given by Eq. (1.2), i.e.,

Lo (&1, 115 &2, m2) = (1 +a®HLP &1, n1; &2, 1)
=+ = KT A ) Beon Oy

2.1
with

dw (14 aw)m—m/2=1 ¢ &

0 . .
L 1 €2, m) o= —Tg <) / i (o — ey Y

Toa

dz dw (14 az)Mm=D/27 — gyr=n+D/2yn=5/2
« @

(27i)2 w—z (1 + aw)m+D/2(yw — g)yn—n=D/2zn=8/2
FO,u FO,a,z
koG = ED / / (1 +aw)" (w — a)"*!
nJ, K) = (27ri)2 z—w w1k +az)"(z — a)" T’
Oaw
(-t dw (1+az)M=D2( —ayr=(ntD/2yn—k
Agy (k) = ——= / / — n(w — gyt n—&1/2
2mi) w—z (14 aw)*(w — a)rtlzn=4
e Toa.:
( l)k w§1/2 k
_ d / dw
27ri (1 + aw)"=m=D/2(y — g)m=+3)/2
W
5 o (—l)k (1 +aw)n(w_a)n+l n—£&/2
an®) =507 we Z(1+az)(n2+1)/2(z_a)ﬂ n=D/2yyn 1=k
FOa FOaw

k
CUT [ 4 gop—tmD/2(, _ gytD2h-1-812 40 (20
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As was shown in [2] the K-particles form a determinantal point process and the kernel
K,,, for the K-process is given in (z, x) coordinates by

(="K, ,2r, x5 25, y) =K9l (2r, x; 2s, y)
(U O ARG N 6) B e )

>n—p+1

where K, (j, k) is defined as before in (2.2) and where

KO(2r,x;:25,y) = KM Q20 —r+ Dym—x+ 12 —s+1),m—y+1)

= i< (= l)x_y‘/erZs(x )+ SQ2r, x;2s,y) (24)
) e (—l)k X x+m (1 +av)5(1 _ %)n—s+l—51
ax,25+61( ) = (2ni)2 / / u—v ukt! (1 4+ au)r(1 — %)nJrl
,a FOau

_ (—l)k X / / du vx+m (1+uv)S(1 _ %)n—s+1—el

(2mi)? u—v a1+ auyr (1 — 4yl
O.a FOav

(_l)kfx / J vx+m7k71
- v
2 (1 +av)"s(1 — %)H'el

(=Dt vt (I +av)"(1 — &ymt!
by,2r+ez(£) = ‘ / / o —n

(27.”)2 +m+1 (1 +au)r(1 _ a)n r+l—e
To.a To.a,u
_ (_l)l y / / ol (14 av)" (1 — a)n+l
- (zﬂi)z v —y yytmt+l (1 +au) (1 — a)n r+l—ey
T.a T
(_l)l—y (1+av)n r(l a)r+€2
5 T 25)
i Yy

S(2I+€ X, 25+€2 V) = ( ) T2 / /
B ’ ’ (27'[1)
To,a To,a,u

v—u

vx—m—l (1 +au)S(1 _ %)n—erl—ez
uy—m (1 +av)r(1 _ %)n*r“’l*é]
dz ., (+4ax)'"
2 ays—r+er—e; -’
2miz (1- E)

¢2r+el,25+ez (x,y) = /

Toa

A single Aztec diamond of size n leads to a determinantal process as well (see
[15]), for which the kernel is given by the following expression:

K,?neAZt(Zr, x;2s,y) =

(—l)x—y/du/ dv v (1+au)n—X(1_%)s

(2mi)? v—uu'=r (1 +av)"="(1 -4y
Vr3 Vry

- ]Is>rw2r,2s(x’ ¥).

e kernel for the K-particle process to the
b we will use the fact that we can get the
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inverse Kasteleyn matrix for the dimer version of Double Aztec diamond. The inverse
Kasteleyn matrix will be explained in terms of the kernel K, ,. Using the inverse
Kasteleyn matrix it is possible to show that the L-particles form a determinantal point
process and compute the kernel.

2.2 The Kasteleyn matrix

Suppose that G = (V, E) is a bipartite graph. A dimer is an edge and a dimer covering
is a subset of edges such that each vertex is incident to only one edge. The dual of the
double Aztec diamond is a subset of the square grid graph with a certain boundary
condition while a domino tiling of the double Aztec diamond is a dimer covering
of its dual graph. Kasteleyn, in [18], introduced a matrix, later named the Kasteleyn
matrix which one can use to compute the number of domino tilings of the graph. Since
the graph in this paper is bipartite, the Kasteleyn matrix is a type of signed weighted
(possibly complex entries) adjacency matrix with rows indexed by the black vertices
and columns indexed by the white vertices. The sign of the entries is chosen so that
the product of the entries of the Kasteleyn matrix for edges surrounding each face
is negative. This is called the Kasteleyn orientation. We will describe the Kasteleyn
matrix for the double Aztec diamond below but first we state Kasteleyn’s theorem for
bipartite graphs and Kenyon’s formula [19].
Suppose that K denotes the Kasteleyn matrix for a finite bipartite graph G.

Theorem 2.1 ([18]) The number of weighted dimer coverings of G is equal to | det K |.

Suppose that E' = {e;}7_, are a collection of distinct edges with e; = (b;, w;), where
b; and w; denote black and white vertices.

Theorem 2.2 ([19]) The dimers form a determinantal point process on the edges of
G with correlation kernel given by

L(ei,ej) = K (bi, w) K~ (w;, b))
where K (b, w) = Kpy and K~ (w, b) = (K™ Dyp

The above theorem means that by knowing the inverse of the Kasteleyn matrix,
which we call the inverse Kasteleyn matrix, we can derive the correlation kernel of the
dominos. We can now introduce the Kasteleyn matrix of the double Aztec diamond.

Let

W={(x1,x2):x1 €2Z+ 1, xy € 27}

denote the set of white vertices and let

ol Laluiil Zyl_i.lbl
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n
2n—1/

4m +1

(0‘7 3) 1 (1L,4)

ai ai
(0,1) -1
1(23)
—ai —ai
2(n+2m) +1
]
$ (L,0) -1 (2,1)

Fig. 10 The left hand figure shows the dual graph of the double Aztec diamond withn = 8 and m = 4
in the (&, n) co-ordinates. The right hand figure shows the weights, Kasteleyn orientation, black and white
vertices for the two most left squares, with (£, n)-coordinates

denote the set of black vertices. The dual graph of the double Aztec diamond written
in (&, ) co-ordinates has white vertices given by

_ A= =2Cm+n)+1,0<x <20 —1)
WAD—[(XI’XZ)EW' orl <x;=2n—1x=2n

and has black vertices given by
or2Q2m +1) <x1 <2@m+n),xp = —1

0<x1<2@m+n),1 <xp<2n-1
BAD=[(X1,xz)€Bi < x <2 ) > ]

We denote by A, m to be Vertex set of the dual graph of the double Aztec diamond
A i vs the dual graph of the double Aztec diamond
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Let K, denote the Kasteleyn matrix for the double Aztec diamond with entries

(=)=t D20 () if w=b+e,
K.b,w) =1 (=)~ Crth=D2g() if w=Db —e, (2.6)
0 otherwise

withe; = (1, 1),ep = (—1,1),b = (b1, b3) € B,r = 1,2,a(l) = landa(2) = —ai.
The choice of sign for the entries of the matrix is the same as [5]. These are chosen
so that entries of the inverse Kasteleyn matrix are discrete analytic functions when
a=1.

Theorem 2.3 The entries of inverse Kasteleyn matrix for the double Aztec diamond,
K, defined by (2.6) are given by

Ka_l(w, b) = _(_1)(w1_w2+bl_b2+2)/4Kn,p

by — by +2m + 1 - 2m+ 1
x(b2+l, 2 IJZF ml 1 2 wl; m+ ) 2.7)

where as before n — p = 2m.

In other words, using (1.1), (x, z) < (£, 1),
K, (w,0) = —(=1)W1mw2tbi=h /AR, (2(b), x(b); z(w), x (b))

so essentially the two kernels are the transpose of each other modulo the co-ordinate
transformation (1.1).

The proof of this theorem involves the characterization of K, ': K,.K; ! = T and
is given in Sect. 6. In order to find such a formula for K ! we used a guess following
the approach in [5]. More explicitly, using the K particle correlation kernel one can
compute the joint probabilities of K-particles. As these particles correspond t o east
and south dominos, this joint probability should be equal to a corresponding formula
written in terms of the inverse Kasteleyn matrix by using Theorem 2.2. These two
sides can be compared which gives a guess for the inverse Kasteleyn matrix in terms
of the K particle correlation kernel and leads to the formula in the theorem.

Since we now have the inverse Kasteleyn matrix we can use Theorem 2.2 to prove
Theorem 1.1. The basic observation is that we have an L-particle at a black vertex b
if and only if a dimer covers the edge (b, b + ¢1) or the edge (b, b — e2). By using
Theorem 2.3 we can compute the probability of seeing LL-particles at given black
vertices b1, ..., by by summing over all the possibilities for the dimers and using
Theorem 2.2 and thus deduce the L kernel, see Sect. 7 for the details.

For general weights and boundary conditions of the square grid, if we define a point
process on the black vertices such that a particle is present at a black vertex iff a dimer is
incident to that black vertex, from Theorem 2.2, we can recover the particle correlation
kernel provided we know the inverse Kasteleyn matrix of the model. In general, the
reverse,i.e. to go from the particle correlation kernel to the inverse Kasteleyn matrix, is
quite complicated. However, for the double Aztec diamond, we were able to express the
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inverse Kasteleyn matrix in terms of the K-kernel. There should also be an analogous
formula for the inverse Kasteleyn matrix in terms of the LL-kernel. This formula could
then be used to give the K-kernel in terms of the L-kernel.

3 The tacnode GUE-minor kernel and its symmetry

Recall from (1.4) the tacnode GUE-Minor kernel, about which we show the following.

Proposition 3.1 The kernel ngacp (u1, y1; ua, y2) is invariant under the involution

up <> p—uz, Yy < —y, (3.1
and is a finite rank perturbation of the GUE-minor kernel, as follows:

KE (1, y1; u2, y2)

® K™ (41 B — y1: up, B — y2)

max(p—1, p—1-us)
2 > (=Ko —pk—p) AP - ) B0
=0

(k) i
= K™ (p —uz, B+ y2: p—ui, B+ y1)

max(p—1,u;—1)

+2 0 > (@=KPa—pe =TI ADT2 P e — ) BRI PG )
A=0

(3.2)

O

Remark 3.2 This symmetry (3.1) is not surprising, since it corresponds to the sym-
metry of the geometry of the double Aztec diamond.

Proof In order to prove this statement we need the following functions,

2mi 2mi
L L

_ [ 4L aryape _ /
H(k) = / 2ni§""e s hy() =
Iy Iy

G(L) =/d—wez‘”2_4ﬂ"’w_)‘_2, gy(k) =/d_w.ew2—2(/3—y)ww—k—1

4L e
2ic

and the corresponding operators

G, @) f(@) =D Gl —p+a)f@)

a>0

HGw) f (@) =D H = p+a)f(@).

a>0
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The kernel X and its resolvent, and the functions A’g (k) and B,’f (1) as in (1.6)
can then be expressed as follows,

KP(u, k) = ZG(A+a) H(+x), KyOi):=KPO. —p,x—p),

a>0
K,=GH., K)=MG, withg'=G, H =H,
T+ R0 k) 1= [ — K, )" => K2 (3.3)
a>0
AL P e —p) = gy e —p+ur) — D> Gl = p+ @y, (@ —u)
a>0

=g yk—p+u)—G, Yy (-—uy)
hoyy (= p+u2) = D HO.— p+a)gy, (@ —u)

a>0

=h_y,(A—p+uz) —HA, gy, (- —uz)

B 0. = p)

Using the definition (1.4) of the kernel and the expressions (3.4), we have the following
identities:

l tac

2 ﬁ,p(ul’ﬂ_}’l,u2,ﬂ_}’2)

= —Hu1>u22u1—u2—1Hu1—u2(y2 _ y1) + Zgyz(o[ — u2)hy1 (Ol — Ml)

a>0

<(]I +RA,)Ng—y (kK —p+u), hoy,(A—p+ uz))

>0

+ o+

(H gy (@ = u2). T+ RGL 0G0 )y, (@ =)

>0

(@4 R 0Dgy (6 = p +11). HOL @)y (@ =)

— @+ RO )G, @hy, @ = 1), hoyy G = p+u2)
= —Ly>0, 2" 7T HY T (32 — 1)
gy (6 = p+uD), M+ RTGLiDh-y, 0. = p+102))

>0

K=

a>0

HT I+ R)gy (k= p+ 1), gl — u2)

a>0

+
g (@ — ), A+HT A+ RYDhy, @ —u)
-
-

L+ R)Ghy, (@ — 1), h_yy(h— p + u2)>)\>0. (3.4)

Given the involution (3.1), all terms in the last expression (3.4) are self-dual, except
that the second and third terms interchange, because of the operator identity (see (3.4))

I+R)G=I+R"
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and the self-adjointness of HT I+ R) and (I + R)G.
To prove the second statement (3.2) on finite perturbation, one notices from (1.6)

that the double integral in B,’f Y (1) equals O for A > 0, since the integrand as a function
of ¢ has no pole at 0 and, similarly the single integral equals O for u + A > 0. Thus
B,’fﬁyrﬂ (A —p) =0for A > p and for A > p — uy. This proves from (1.4), the first

equality “ The second equality ) is obtained by the involution (3.1). O

4 Interlacing pattern of the [L-process

In this section we prove the interlacing properties as explained in Proposition 1.3. We
first need the following Lemma (remember p = n — 2m).

Lemma 4.1 The total number of dots along the line & = 2i equals the difference of
height Ah between the extreme points of that line, as is given by the boundary values
of the height function: *

lines &€ = 2i hiete | Mrighe | Ah # of blue and red dots

0<i<n—p |n i n—i n — i blue dots
p + i — n red dots
n—p<i<n |p+ili P to the left of

n — i blue dots
n<i<2n—plp+iln p+i—n|p+i—nreddots

Proof The statement on the first row in the table above follows from the fact that the
height & along the lines &€ = 2i for 0 < i < n — p decreases from hjefy = n to
hiigny = i for 0 < i < n — p (going from left to right) and from the fact that each
decrease of height by 1 produces a dot. The same statement holds for the range on the
third line of the table by the obvious symmetry consisting of flipping the figure about
the middle of the &-axis and the middle of the n-axis. Also note that the heights of
the B-level curves range over the half-integers from n 4 1/2 to 2n — 1/2. Therefore
the lines & = 2i for 0 < i < n — p, which have height at most n, will never intersect
those lower-level lines and vice-versa, showing that on the first line (resp. last line) of
the table above only blue (red resp.) dots appear.

In the overlap region of the two diamonds, the boundary values of the height function
show that hieft, fright and Ah = hieft — hrighe is as indicated in the table. Moreover,
since the height of the B-level curves is > n + 1/2 and the height of the A-level curves
is < n—1/2, the red dots are all to the left of the blue dots along the lines § = 2(n — p)
up to 2n, with numbers as indicated in the table. O

Lemma 4.2 Let the lines &€ =2k and & = 2k +2 for0 <k <n — 1 have £ — 1 dots
starting from the right boundary. Then the £th dot on the line § = 2k 4 2 must be to
the left of or coincide with the Lth dot on the line & = 2k.

4A dot-particle x is to the right of a dot-particle y means n(x) > n(y).
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Fig. 11 Assume the ¢th dot on k

the line & = 2k + 2 (counted

from the right) appears in A’, o
and assume no dot in the square :

A, then the height of A must be
as indicated

Proof Note that the right most point of the double Aztec diamond on the line & = 2i
has height i, provided 0 < i < n. Therefore, if there are £ dots on the line § = 2k + 2,
counting from the right hand boundary, then the left-lower vertex of the square A’,
containing the £th dot, has height k + ¢ 4 1; see Fig. 11. Consider two cases:

(i) Assuming no dot in the corresponding square A on the line § = 2k, then the only
way to cover the squares A and A’ with domino’s such that A’ carries a dot and
not A, is given by the four upper configurations of Fig. 12; putting in the heights
forces the height of the left-lower and right-upper vertices of the square A to be
k 4 € as indicated in Fig. 11. This shows there must be £ dots on the line § = 2k
strictly to the right of the square A. So, the £th dot on the line & = 2k + 2 must
strictly be to the left of the £th dot on the line & = 2k, at least if A contains no dot.

(i) Assume a dot in A on the line £ = 2k; the only way for this to occur is given by
the four lower configurations of Fig. 12. From them one deduces that, if the height
of the lower-left corner of A’ is k + £ + 1, then the height of the lower-left corner
of A must be k + £ or k + ¢ + 1. In the former case (i.e., k + £), the dots in A
and A’ are the £th ones from the right, proving the claim; in the latter case (i.e.,
k+ £+ 1), the dot in A is the £ + 1st one and the dot in A’ the £th one. So, the £th
dot on the line & = 2k is to the right of the £th one on the line & = 2k + 2. O

We now give the proof of Proposition 1.3.

Proof of Proposition 1.3 Consider two consecutive lines & = 2« and £ = 2« + 2
through blue dots, with the squares A and B, containing each a dot and no dot in
between A and Bj; see Fig. 13. This is to say, the level of the line £ = 2« goes
down from k to k — 1 within square A, stays flat in between A and B and then goes
down from k — 1 to k — 2 within square B. We now consider the line § = 2o + 2
between the two corresponding squares A" and B’, with same n coordinates as A and
B respectively.

/VC NOW NC

ol Laluiil ZHI_I.ISI

in between the squares A" and B’, possibly
actly six configurations with a dot in the
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i+1

i+1

Fig. 12 The four upper configurations are the only coverings of A and A of Fig. 11, with A’ carrying a dot
and not A. The four lower configurations are the only coverings of A and A’, with both A and A’ carrying
adot

Fig. 13 Between the two gray k—2
squares labeled A and B the B
height function stays constant;

therefore the line between A and

B contains no dots

,~'_ 1

A/

upper-left square; see Fig. 14. Superimposing any of the four upper configurations on
(A, A") or (B, B') will give a dot in A’ or B’. Assuming no dot, neither at A’, nor at
B’, the configuration (A, A”) or (B, B’) at Fig. 13 can be covered by any combination
of configurations (I) and (I) in Fig. 14. Indeed,

(A, A)) (B, B')
i=k—1) 1(i=k—2)
i=k—1) II(j=k—2)

= 1G=k—2)
I(j =k—2)
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o

i i J J J
i+1 j+1 j+1 j+1

+1
i+1 i+1

i
i

Fig. 14 Let the squares A and A’ (as in Fig. 13) each contain a dot, then the four upper figures are the
only possible covers of (A, A’). If A contains a dot and A’ does not, then the two lower figures are the only
possible coverings

In all four cases, the difference in height between the lower-left vertex of A’, having
height k, and the upper-right vertex of B’, having height k — 1, will always = 1,
thus creating a jump in between and thus one dot. So in all cases, there will be at
least one dot in one of the squares on the segment (A, B’), including possibly on the
extremities.

Finally, this fact together with Lemma 4.1 on the number of blue and red dots and
Lemma 4.2 imply the interlacing, with regard to the n-coordinate. O

5 Scaling limit of the L and K-processes
In this section we will prove Theorem 1.4 and Theorem 1.5. Let § € {0, 1}, where
8 = 0 will correspond to the L-kernel and § = 1 to the K-kernel. We will ignore

the integer parts in the scaling (1.6) and (1.8). This makes no essential difference but
simplifies the notation. Set

Frs(ur, yis uz, y2) = (—a) > OV (= /iy () =B (— 1),

Then the prefactor in (1.7) for the L-kernel can be written

(_a)(m—'72)/2(_\/;)(51—52)/2\/; — a2(y1—y2)~/;ft,0(ul’ Vi U2, y2)

and the prefactor for the K-kernel in (1.9) is

arz—rl (\/;)xl—x2+r2—r1 (_ l)xl—x2

- a2(y2—y1)ﬁ(_a)(y1—yz)«ﬁ(_\/;)m—(uzﬂ)(_\/;)

Y25 U1, y1).
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Define

Chtveps @ ¥ U2, ¥2) = = frs(ur, yis w2, y2)(1+a?) (1= Oy cuy + 8Ty, <)

1 (1 + aw)O1-y)Vi=1+3 .

271 ) (= a) Vi
Ia

2
Cé,)ﬂ,p,g(ul, Yisu2, y2) = frs(ur, yi; uz, y2)

. (1 +Ll2) / / dw wuz(l +az)1+y1f 1+5(z _a)t Vivite+s
(2mi)? 20 (1 4 aw) Vi (w — q)t—yVi+i+e

and

Cétlg oo, yiiuz, y2) = — frs(ur, yis uz, y2)(1 + a?)
-1
X («I - K2t+€)22t+e—p+1A4t+2€—2u1,2t+2y1ﬁ—1,8)(')v
B4t+2€—2u2,2t+2y2ﬁ—1(')>

>2t4+€—p+1 ’

where

A4t+2€ 2u1,2t42y14/1—1,8 (k)

( l)k 2t+€ uy—k
= d
2mi / (1 + qw)!He—nvVitl=8(y — g)t+y/i+1-8 W

( D / / dw wte— k(1+az)t+y1J 148 (7 — g)'= —y1Vi+e+s

(27.”)2 ul(l + aw)2t+€(w _ a)2t+e+1 ’
Iva  1oaz

(5.1

which is a slight modification of Ag, , (k) in (2.2), and where Bg, p, (k) and Ko/
are as given in (2.2). With these definitions it follows from (2.1) that

(—a) M= (SR, (s 2, M)V
_ 1 2 3
= a?OIVIC), o C e ot O O Y12, y2), (5.2)

if we have the scaling (1.6). Similarly, it follows from (2.3) that

(1 — pp)a? "M (V1 2t ()RR (20, X1 27, X2)

2 i (D) @ 3)
=1+a2a (2—yD/t ((C2t+€,p’1+C2t+€’p’1+C2H{,p’l) (u2+1,y2;u1,y1)).

(5.3)

e proof of (1.9) from (5.3) is completely
6 = 1 has no effect in the limit. Note that
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@201V s 02B02-3) ag 5 oo since a = 1 — B/+/t. We see that (1.7) follows
from

3
tgngo.zl:célt)—l-e,p,o(ul,yﬁ uz, y2) = ePOVKy sy, yis uz, y2). (54)
=

Let C; be the positively oriented unit circle and let C; = C} +C5, where C) consists
of two infinite line segments t — B +it,t € (—oo, —2]U[2, 00), and Cg is a smooth
curve that goes from 8 — 2i to 8 + 2i to the right of Cy, see Fig. 15.

Let C; be C, reflected through the origin.

Set

a! - z/ﬁ)"ﬁ

Gy () = (TC/«/;

and

Fy . (§) = (a_l - ;/\/;)Hx*/; (a n g/\/;)t—xﬁ

so that Fy ;(¢) = Fo,1(§)Gx (). Also, we write
grp(@) = X0 and fa(g) = 2,

The next lemma contains the estimates we need.

Fig. 15 The contour paths A

"
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Lemma 5.1 Fix A > 0, 8 € Rand k > 1. There is a ty and a constant C such that
forallt > ty),x € [-A,Al, s e Rand ¢ € C; U Cé’ we have the following estimates

1 1
Fra B0 — 1+ 5220k (5.5)
Gyt (8) C
P 5.6
gr.p(0) ' =7 (5.6)
and
Fo (£) C
@ 7 5.7
o T 5.7)

Proof We have, since a = 1 — 8/4/t, that

Fuappio) = fot - E " pis
Now,
.2 5
a+ﬁ:;;1s =1+ST
and
‘_1 ’Bj/_;ls (1—/13/f ﬂ\/;)2+_2>1+_2

when 7 is large enough. Thus,

2 ERND) 2 L—xy) 2\
|Fe(B +is)] > (1+7) (1+7) _ (1+—) .

By the binomial theorem, for 1 < k <t¢/2

tr! thk!

t t
t— 1 t...t—k+1
(1+ )_1 Z Lo ord Doy Ok HD o
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This proves (5.5). Note that C; UCQ’ is a fixed compact set. The estimates (5.6) and (5.7)
follow from the inequalities

C

elog(a+ ¢V = x(¢ = p)| = —

N

[eitoga™! ¢/ VD == 0)| = =

and
C
rlogta™ —¢/Vita+¢/¥0 - = | =

for sufficiently large ¢, which in turn follow from Taylor’s theorem. O

Consider first C\ The case y; = y» is special. In this case we obtain
2t+€,p,0°

1
Cét-)i-epo(ulvyl; uz, y2)

1+a whe
== 12Tt <u
(VDY /(1+aw)<w—a> v
_ a—+1/a w2
= (=D 1, - d
(VO <0 = wt Uy w—a) "

-1

—a

= (="l <y (<1/a)

In the second inequality we deformed the contour through infinity to a contour sur-
rounding —1/a. If up = u; — 1 this equals —a which goes to —1 as t — oo. If
uy < uy — 1 the last expression goes to 0 as t — oo.

If y; > y, then deforming the contour to I_1/, shows that sz Yep0 = = 0. Assume
that y; < y». Then, for large enough ¢, since w = a is not a pole,

Cét:—e p.0Un, yiiuz, y2)

1+ a2 -1 4 1=yt wa—u
__]Iu2<u1 a /(a w) L( \/_)d

(I+aw)(a—w)

2mi

iUl

d
NI RN R
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by the change of variables w = —w/+/t. It now follows from Lemma 5.1 that

Jim Cétle p.0WL, Y15 U2, y2)

2 [ 20-wn-p) 2@
TS i

Ci

—ur—1

= —1,, <y, eXPO1732) Q11— 2 —yp" ™" )
2= (ur —uz — D!

Thus, for all yq, y2,

(1) .
Jim Cople poluns yisuz, y2)

— uyp—uz—1
= 28001 —y2) i~z Y2 = Y1)
- _H”1=”2+1]I}’1=y2 - ]Iu2<u1]:[y1<yze 2 et

(uy —upy —1)!
= —2BO1=y2)pui—ur prui—uz (2 — 1), (5.8)
where
Zm—l 1
H"(z) = m (]Iz>0 + EHZ=0)
form > 1.

Consider now C2t ep.0° We can write, using the fact the z contour has no pole at
7 = a for 1 large, and by completing the C5/+/7 contour with an infinite semi-circle

on the right,
2
Céﬁé,p!o(m, Vi U2, y2) = :2_7:—;2 / dz(—+/1)
Ci/Vt

dw  (—w/D*2 (@~ + 7)1V (g — g)i-nvite 1

/ W =2 (—zy/D)M (@ + w) V(g — wyi—revite (1 +az)(a — w)

Ca/ Nt

oy / / do_ o Fy () (@ +¢/VD*

@iy © = " Fy (@) (1 —ag //D)(a+w//Hi+e
1

It now follows from Lemma 5.1 that

JTim Cétié o0 V15 U2, y2)
/ C/ do " fp(£)8y,.4(8)
(2711)2 0 =& 5" fp(w)gy,.p(@)

2 do w'2e= ¢ T2B—y8

(5.9)

0 — (e @ +2p-y)o’
2
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We choose & in (5.5) so that 2k > u», which gives a uniform #-independent upper
bound on Cé. Combining (5.8) and (5.9) we see that

. 1 2 — i
lim (C3. 0+ Cotlep )@t vz uz, y2) = PR g, B—yi: . f-y).
(5.10)

Next, consider

3 — _
C. o yis w2, y2) = —(=a) VI () JE (1 + a?)
X z By re—suy pi42y, Ji-tA + 20 +€—p+ 1)
K,A=0
$ (I = K4 ) dpyeppi A+ 2t +e—p+ Lk +2+e—p+1)
X Ay ire—2uy 2ty Jio1,0( F 2t +€—p+ 1),

where Ag, 0 is given by (5.1),

By o 2u2 2+2y3/1— 1)

( 1) /(l )t_yZ\/;‘f'G(Z_a)t+y2ﬂzu2—1_2t_e+j dz

( 1)] / / 721 + aw)2t+€(w )2t+€
(27”)2 - — g w2+ (1 4 az)+vVi(z — g)t—vVitite
0,a 0,a,w
and
K . (—1)/tk I (1 4 aw) e (w — a)2 et
ute(/, k) = (27Ti)2 7 — w wlite— k+1(1 + az)2t+e(z _ a)2t+6+1 :
Set
Auy y1.0(6) = (—a) (/D)7 (VP17
X Ay ioe—2uy proyi1,0 £2t +€—p + 1),
Buyyy 0) = (—a)>V = (VD)2 (V)P (- 1)
X By ioe iy 2142y, fi-1(A+ 20+ € —p+1)
and

e—p+1lL,k+2t+e—p+1).
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Note that the matrix with elements
WO - K2z+e)§,+e,p+1(k +2tte—p+tlLk+2t+e—p+1)

is the inverse of the matrix with elements §, ; — K 2r4¢ (A, k). Thus,

o
Chite ot yis uz, y2) =—(1+a®) D Buyyy (W)U =Koy )Zg (k) Ay yy.0()
K, A=0

(5.11)

and we want to take the limit of this sum. (Note that the sum is finite even in the limit.)
Rewriting in the same way as above we see from (5.1) that

) 1 wk—utp—1 dw
A K)=—5—
uy,y1,0(6) 2nic F_y (@) (1 —aw/ﬁ)1+e(a+w/\/;)

2
1 dw é'_'“Fyl,t(f)
+(2rri)2 /d{/ o — ¢ TP Fy ()2
Cy C

§ (a+¢/VD"
(1 —ag /) (a+w/JDITE(1 —aw/VHE

Using Lemma 5.1 we can take the limit 1 — 0o to get

1 wk—utp—1

2 1 f,s (@)g—y.p (w)

/ / do 7" f5(£)8y1.8(8)

W — { w"+1_pf/3(w)2

tl_l)rglo Auy,y,0(6) = —

(27t1)2
Cy C

=~ 4B P e — py. (5.12)

Similarly we get

1
Bupyy (M) = 57— / Foyy ()" P (1 —ag /D¢ d¢
C

1 d¢ &P Fo (@) (@ + /D' (1 —aw /1)

2Fy,1(0) (a+t/)le
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and again by Lemma 5.1 we find

- 1 o
i B ) = 5 [ Fa(©g00 50070 de

r—p 2
NI oy R Sl T2
(27mi) ®—C 7" fp(8) 8y, (L)
Ci Ca
= e 2BnplnPo _ )y, (5.13)

Finally,

&M@m
/ / PRy e (1 —aw/D(a+o/J/D!
(27r1)2 {—w
1

e PR (9 (1 —ag /D (a+ ¢ /D!

and we see from Lemma 5.1 that

o WP fg(w)>
[rn, Kare(h k) = (2m)2/ / =0 PP ()

=/cﬁ(x—p,x—p). (5.14)

It now follows from (5.11), (5.12), (5.13) and (5.14) that

lim €5 oG yis g, y2) =260 (1= KL AL 0, BT () o

Together with (5.10) this proves (5.4).

It is not difficult to get #-independent bounds on the L-kernel using the same argu-
ments as above and in this way we can show, in a standard manner, that the appropriate
Fredholm determinant converges and obtain weak convergence of the L-particle point
process. We will not enter into the details.

6 Proof of the inverse Kasteleyn formula

In this section we prove Theorem 2.3. We will use the fact that

by—b +2m—|—1 wy —wp +2m+ 1
Kn,p b2+1, ! 2+1 2 !
2 2
- b, —b 2 1 — 2 1
—_Krlzl,l};zer(b2+1, z 1;_ mE ;wz—FLw2 w12+ mE ),

el from [2], dual to K, ,. We will use the
7 from the Eynard-Mehta theorem. Let
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12"27‘-’1-81,23-’1-82 (x,y) = I;02r+£1,2s+82 (x, Y)]I2r+81<2s+82 6.1)
where 1 is defined in (2.5).
Letw = (wy, wy) € W,b = (b1, b2) € Byu; = wa+1,up = (wr—w1+2m+1)/2,
vi =by+ 1, vy = (by — b1 +2m + 1)/2 and denote

sgn(w, b) = (—1)Wi—w2tbi=ba42)/4

Define
fi(w, b) = —sgn(w, )y, u, (v2, u2)
and
2m+1
fr(w,b) = sgn(w, D) D Yy 201(v2,i —m — DA™ j¥0.u, (G —m — 1,u2)
ij=1
where
~ . . 2m+1
A= (JozmnG—m—1j—m-1) " (6.2)
We then get

— (=D)AL (v, v un ug) = fi(w, D) + f2(w, D)
and we want to prove that
K;'(w,b) = fi(w, D) + fo(w, b).
To make the computations simpler, we define 7, and C with
Ka(b,w) = —(=) 2702, (b, w)
and

fi(w,0) + fo(w,b) = —(=1)~O1+02=D2C(y ),

and we will write

fiw, o) = =(=) 27D fi, ).
uivalent to showing 7,,.C = 1.

@ Springer




310 M. Adler et al.

We will use the notation that b = (b, b») and vy = (y1, y2) are black vertices. We
have that

(Ta fi) (o, y) = Z Ta (o, w) fi(w,y) (6.3)

w~b

fori € {1, 2} wherew ~ y means that w is nearest neighbors to b because 7, (b, w) = 0
if b and w are not nearest neighbors. We can then write

(T.C)(b,w) = > (T f) (b, ¥).

ie{l,2}

The number of terms on the right hand side of Eq. (6.3) is dependent on the location
of b and so we split the computation for finding 7,,C (b, v) into the different locations
of b. These are given by

(i) The interior, labeled Z,

(i1) The left hand boundary, labeled L,

(iii) The bottom boundary, labeled 5,

(iv) The top boundary but not equal to (2n, 2n — 1), labeled 7 and
(v) The special point, (2n, 2n — 1).

The left hand boundary, £, consists of vertices b = (0, by) where b, € 27+ 1 and
1 < by <2n—1.Forb € L, we have that b has two neighboring white vertices given
by b+ e; and b — e3.

The bottom boundary, B, consists of vertices b = (by, —1) where b; € 27Z and
4m 4+ 2 < by < 4m + 2n. For b € B, we have that b has two neighboring white
vertices given by b + ej and b + e;.

The top boundary, 7, consists of vertices b = (b, 2n — 1) where b; € 27 and
2n+2 < by < 4m+ 2n. Forb € 7, we have that b has two neighboring white
vertices given by b — e; and b — e5.

For the special point, b = (2n, 2n — 1), we have that b has three neighboring white
vertices given by b + e, b — e> and b — ej.

The interior, Z, is given by the remaining vertices. For b € Z, we have that b has
four neighboring white vertices given by b £ ¢, for r € {1, 2}.

In each of the above cases, we evaluate (6.3). Due to the formulas for f; and f>
being rather complicated, we used computer algebra to help with the computations.
We give the calculation for the first case with full details and for the remaining cases,
we provide an overview of the main steps. We now proceed with checking the above
cases.

6.1 The interior
Using (2.6) and the definition of 7, (b, w), we have that forb € 7
+1 ifw=b+te

ifw=bxte
otherwise.
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When b € 7 and y € B4 p, we have that (6.3) reads

Tafilb,y) = filb+e1,y) — filb —e1,y) + (filb — €2, v) — fi(b + €2, v))ai
(6.4)

fori € {1, 2}.
We first simplify (6.4) for i = 1. We can expand out the definition of fi in terms
of 1. This means that we can rewrite (6.4) for i = 1 in terms of y». We obtain

TIafilb,y) = —(=1)br=b2ty1=y2)/4jy1+y2
Y 2m+1—=y1+y2 2m—1—-by+ b
X | a¥y+1.by ,
2 2
2m+1—yi+y 2m+l—b1+b2)

2 ’ 2
2m+1—yi+vy 2m+1—b +by
2 ’ 2
2 1— 2m+3—b +b
m + 2y1+y2’ m + . 1+ 2)) ©6.5)

+‘py2+1,b2 (

_W}’2+1,b2+2 (

+ aI/IY2+1,b2+2 (

where 1} is defined in (6.1). We shall evaluate 7, f (b, w) in three cases: by = y», by >
yp and by < y7.

For y, = by, we only need to consider the last two terms of (6.5) because the first
two terms involving ¥ are zero by (6.1). Using (6.1), we can rewrite (6.5) in terms of
Y and hence write each expression as an integral. We find for b, = y»

2m+1—y1+y2 2m+1—-b1+y
T.fi(b,y) = (Irlfyz+l y2+2 ( B s )
2m+1—y1+y2 2m+3—-b1+»
- ‘”/’y2+1,m+2 ) s )
_ bljyl it w%(bl—yl) aw%(bl—yl—Z)
G / - 4 dw
2mi a—w a—w
FO,a
bi+y1
_ i R
=—4, ! /wb] b 2dw
2mi
FO,a
[ =1 ifbh =y
— 10 otherwise

because y; € 2Z.
As both b and y are black Vertlces we have that b, and y, are both odd integers.
3 equivalent to by > y» + 1. For by > y», all
b and each term can be rewritten using .
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We find that for by > y»

T, fi(b,y) = _(_1)(b1—b2+y1—y2)/4iy1+y2
2m+1—yi+y2 2m—1—>b;+ b
X aI/IY2+1,b2 >
2 2
2m+1—y1+y 2m+1—b1+b
+l/fy2+1,b2 2 b} 2

2m4+1—y14+y 2m+1—>b1+ by
—Vyy+1.ba42 5 , 5

2 1— 2 3—b b
m+ 2y1+y2’ m+ . 1+ 2)) ©6.6)

+ ayy, 116042 (
To evaluate (6.6), we need to evaluate an expression of the form

ar2s+1(x1, X2) + Yor 2541 (X1, X2 + 1)
—Vor2s+3(x1, X2 + 1) + aroy 2513 (x1, x2 + 2) (6.7)

for r, s, x1, xo € Z. We can expand (6.7) in terms of its integral decomposition and
combine all the terms under one integral. We obtain

; 1
2mi (I—2)y—7+ Z -2 -2

%ﬁzm—xz (I +azx)’™" ( 1z '(I+az) Jraz‘z(lJraz))

FO,a

In the above equation, the term inside the parenthesis is zero. This means we can write

avar2s+1(x1, x2) + Yoy 251 (x1, X2 + 1)
—Vor2s43(x1, X2 + 1) +avo0543(x1, 02 +2) =0 forr <s.  (6.8)

Using the relation in (6.8), we have that right hand side of (6.6) is equal to zero for
by > y» which means that 7, f1 (b, w) = 0 for by > y».

As b and y; are both odd integers, the condition that b, < y, is equivalent to
by + 1 < yp. We can expand (6.5) using the definition of 1} given in (6.1) and we find
that all the terms of (6.5) are equal to zero. Therefore, we have that 7, f1 (b, w) = 0
for by < y;.

We have shown that for b € 7

if b=y,
otherwise.
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For the term T, f>(b, y), using (6.4) we can write T, f>(b, y) under one sum. We

obtain
b1 =by+y1—y Y1472 ZmAl —1
T falo,y) = (1)~ & @2 > (AT
i,j=1
~ 2m+1—y1+y .
X 1)/f1+yz,2n—i-l ) Ji—m—1
~ . 2m+2 — by + by
X AzY0,py+1 (J —m—1, > )
where
~ . 2m—+2—b;+by ~ . 2m—1—b1+by
o (jm - BN (L tniobiiny
~ . 2m+1—b1+by
+ V0,5, (]—m—l, f)
- ) 2m+1—by+by
— Y0,65412 (]—m—l, f)
- . 2m+3—b1+by
+ alpO,b2+2 (]_m_la f)

As by > 0, we can use the relation given in (6.8) to find that

2m+2—b1+b2)

ATV by+1 (j -m—1, 5
Therefore, we have
TafZ(b,Y)IO beI,yEBAD

To summarize, we have

1 ifb=y

T,C(h,y) = [0 otherwise.

6.2 The left hand boundary

Next, we check T,.C for b on the left hand boundary. For b € £ we have that

1 ifw=Db+e
T.(b,w)={3ai ifw=b—e
0  otherwise.

Forb € £ and y € Bap, using the above equation we find that (6.3) is given by

y) + filb — ez, y)ai (6.9)
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Similar to the interior, we can expand T f1 (b, w) in terms of I/; and rewrite T, f1 (b, w)
in terms of an integral using the definition of i given in (2.5). By a computation, we
find that for b, = y;, we obtain

1 T/ =172
LAV =on | —w—a
FO,a
(1 ity =0
- [ 0 otherwise. (6.10)

because y; € 2N, as the integrand has no pole at infinity. For b, > y», we also find
by computation that

(=1)Ch2tyi—y2)/43+y

T.fi(o,y) = (1+a%

2mi
y / w2 — @)D gy 4 122D 2,

FO,a

As by > yy (i.e. bp > y» +2) and y; > 0, the integrand has no pole at infinity or
—1/a, hence

T.fi(b,y) =0. (6.11)

We find that for by < y»

Tafi(b,y) =0 (6.12)

by using the same reasoning as the case for b in the interior, that is, each term in the
expansion of 7 f1 (b, y) in terms of ¥ is equal to zero.
Using Eqgs. (6.10), (6.11) and (6.12) we have

1 ifb=y
0 otherwise

Ta fi(b,y) = l (6.13)

forb € L. Similar to the interior case, using the expansion of 7, f> (b, y) givenin (6.9),
we can expand using the definition of f; (b, w) to obtain

m
Tafalo,y) = (=DOI-r2m/Apree B T,
i j=1
2Zm+1—y1+y . )
Jdi—m—1
2
2m +2 + bz)

X Yty 2041 (

m—1 (6.14)

2
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where
- ) 2m+2+ by - . 2m — 1+ by
et (11 22E) L (w1 )
~ . 2m+1+ by
— Y0,y +2 (J—m -1, — ) .

‘We can rewrite the right hand side of the above equation in terms of its contour integral
using (6.1) which gives

—% / (1 +a®Hw™ T 72m — @) B3=0)2(1 4 qu) @2~ D2 gy,
mi

FO,a

Since 1 < j < m, by > 1 the integrand has no pole at —1/a or infinity,hence the
above quantity is zero and so the right hand side of (6.14) is equal to zero. Combining
with (6.13) gives

1 ifb=y

T,C(b,y) = [0 otherwise

forbe Landy € Bap.

6.3 The bottom boundary

We now consider the bottom boundary. We have that for b € B

1 if w=b+e
T,(b,w) =4 —ai ifw=Db+e
0 otherwise.

Using the above equation, (6.3) can be rewritten for b € 53 and is given by

T.fib,y) = filo+er,y) —aifi(b+ e, v). (6.15)

We first consider 7, f1 (b, w) for b = yp = —1. Similar to the analogous computation
for b in the interior, we can expand the right hand side of (6.15) in terms of v and
rewrite the expression as an integral. By a computation, we find that

(=1)rtyn/4m

T, fi(b,v) = [ R

FO,a

2mi

(6.16)
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For by = —1 < y», using the same reasoning as given for b in the interior, we have

Ty fi(b,y) = 0. (6.17)
Combining Eqgs. (6.16) and (6.17), we have

1 if by =y

0 otherwise (6.18)

T, fib,y) = H

forb € Band y € Byp. For T, f2(b, y), using (6.15) and following the same steps
for the analogous computation for b in the interior, we have

2m—+1
T, f>(b,y) = (_1)(b1—b2+y1 —y2)/4y1+y Z (A_l)i,j
i,j=1
~ 2m+1—y1+y .
X Yyy+1,2n+1 3 i—m—1

~ ) 2m+2—by + by
X ABY0,2+b, (J —m—1, 5 )

where

- ) 2m+2 —b1 + by
ABY0,2+by (] —m—1,

2
- . 2m+1—>by + by
= —Y0,p,+2 (J -m—1, : )
~ . 2m+3 —by + by
+ a0, b, +2 (] —m—1, 3 )

‘We can rewrite the above equation using the integral definition of /. A computation
gives

2

~ ) 2m+2—by + by —1
ABY0,2+b, (J —m—1, ) =-—
2mi

/ w2TImmEb /2 1

To.a

because b; > 4m + 2 by the co-ordinates of the bottom boundary. We have obtained
T, f2(b,y) =0 (6.19)

forb € Bandy € Bgp. Using (6.18) and (6.19) gives

1 ifb=y
0 otherwise

I,C(h,y) = [
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6.4 The top boundary

We can now consider b = (by, by) on the top boundary which means that by = 2n — 1
and b; > 2n. We have that forb € 7

—1 ifw=b-—e¢
T,(byw)=43ai ifw=b—e
0 otherwise

We can use the above equation to rewrite (6.3). We obtain forb € 7 and y € Byp
T.filb,y) = —fi(b —e1,y) +aifi(b—e2,y) (6.20)

We first consider 7}, f1 (b, y) for b = y, = 2n — 1. By using the analogous expansion
for b as the interior case in terms of ¥ and its integral definition, we find that for
by=y;=2n—1

T, fi(b,y) =0. (6.21)
For y, < by = 2n — 1, we find that

(=D A+brtyi=y2)/4pyi+y2—n

/ (1- g)(1—2”+)’2)/2 (1 4 qw)@r—1-3)/2
X

w
w@n+1=bi+y1—y2)/2 dw. (622)

FO,a

For T, f>(b, v), using (6.20) we can follow the analogous computation in the interior
case, we find that

2m+1
T, f>(b,y) = (_1)(b1—b2+y1—y2)/4iy1+y2 z (A_l)i,j
i,j=1
= 2m+1—y1+y .
X YUyy+1,2n+1 5 i—m—1
~ . 2m — b1 + by
X A1Y0,p, (] —m—1, f) (6.23)
where
~ . 2m — by + by ~ . 2m —1—by + by
ATY0,5, (J—m—l,f) = ao.n, (J—m—l, 5 )
~ . 2m +1— b1+ by
+W0,b2 (] —-m —1, f)

w2HI=2m=nt b2 (] 4 gy
n
(=)

@ Springer




318 M. Adler et al.

which is found by expanding out the integrands using the integral definition of ¥ given
in (2.5) where we have used the fact that b, = 2n — 1. Notice that we can rewrite the
right hand side of the above equation as

1 / w—2+j—2m—n+b1/2(1 +aw)"

— w
2mi 1— a4\
kS (1=
- . 2m — by + 2n
= Y0,2n+1 (J —m—1, f)
- . 2m+2 — b1+ 2n
—ayoon+1 (J —-m—1, ) ) . (6.24)

which follows by using expanding the right hand side of the above equation using the
integral definition of ¥. By definition of the matrix A given in (6.2), we have

m
D A0t G —m = 1,k) =8 kymi- (6.25)
j=1

Using (6.25) and (6.24) in (6.23) gives

T, fo(b,y) = (=112 4=y /Ayt
(” (2m+1—y1+y2 2m—b1+2n)
X\ Yypt1,2n41 i
2 2
2m+1—yi+y 2m+2—by+2n
2 ’ 2
_ (= )AFbrtyi=y2)/4y1+y2n / (1 _ %)(l—v2n+y2)/2 (1 4 aw)@-1-m)72

—a Yy, 1,041 (

2 w@n+l=bi+yi—y)/2 dw
rO,a
(6.26)
Therefore, for y, < by using (6.22) and (6.26) gives
Ty.(f1 + f2)(b,y) =0. (6.27)

For y, = by = 2n — 1, using (6.26) we have

_ (_1)(b1+y1)/4'y1 (br—y1-2))2 (1 it =y
TafZ(b7Y)—f1 /w dw = 0 otherwise. (6.28)

FO,a
Finally, using (6.21), (6.27) and (6.28), we have

1 if by =y
0 otherwise

I,C(b,y) = [
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6.5 The special point

Finally, we need to consider the special point, i.e. when we choose b = (2n, 2n — 1).
The special point has three neighboring white vertices and we have

-1 ifw=Q2n—-1,2n-2)
—ai if w=(2n—1,2n)

ai ifw=Q2n+1,2n-2)
0 otherwise

T.,(2n,2n —1),w) =

Forb = (2n,2n — 1) and y € B4p, (6.3) becomes

I.filb,y) = —filo—e1,y) +aifi(o—ez,y) —aifi(b+e2,y). (6.29)

For y» = 2n — 1, using the analogous steps for b in the interior, we can write
using (6.29) and the integral definition of

T, fib,y) = dw =0, (6.30)

2mi

(= 1)n1/4m+n aw@=1-y1)/2
/ a—w

FO,a

since y; > 2n + 2, when yp = 2n — 1. For y, < 2n — 1, we can write T, f1 (b, w)
using the integral definition of v given in (2.5). We obtain

(= DHWH1=y2)/41+y2
Ta fl (b’ Y) = -

2
/ (1- ﬂ)(—1—2n+y2)/2 (1 + aw)@=1-3)/2
X

. wO1+1=y2)/2 dw (6.31)

10,a

We can now expand out 7, f> (b, v) using (6.29) and the analogous computations given
in b in the interior. We find that

2m+1
T, fr(b,y) = (_1)(b1—l72+)’1—m)/4im+y2 Z (A_l)i,j
ij=1
~ 2m+1—y1+y .
X Yy, 2n+1 5 Jdi—m—1
~ . 2m — b1 + by
X AsY0.b, (] -—m—1, f) (6.32)
where
- . 2m — by + b ~ . 2m —1—by+b
AsYo.b, (J —m—1, %) = avo,p, (J -m—1, %)
~ . 2m+1—by+b
+‘/’0,b2 (] —m—1, %)
~ . 2m+3 — by + b
V0,542 (] -—m—1, +2) .
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By setting b = (2n, 2n — 1), we have by a computation that

2m—2n+2n—1 1 w i =2m ) 4 aw)”d
= — w
2 27i (1— z)"“
F(),a w

ASJ’O,Zn (] -m—1,

=Voom+1 (j—m—1,m+1)

where the last equation follows from (2.5) and (6.1). We can substitute the above
equation into (6.32) and use Eq. (6.25) in a similar way to the analogous computation
found in the previous subsection. We find that

- —y2)/4: = 2m+1—y1+»m
Tafa(b,y) = (=D y2>/41“+y2w1+y2,2n+1( e ,m+1)

_ (=)IHy=y2)/4p1+5 / w2 =D/2(] 4 ) @n—1-32)/2

dw

2mi (1 _ 1)(2n+1—y2)/2

FO,a w

(6.33)

We have that for y, = 2n — 1, (6.33) is equal to

1 if yy=2n

1
- _1y/4ntyr, n—1+4y1/2 _
Lafale.y) = 27i /( DI dw = [0 otherwise.

FO,a

forb = (2n,2n —1).
Therefore, we have forb = (2n,2n — 1)

1 ifb=y
0 otherwise

L.Coy) = Y Tfio.y) =[

ie{1,2)

by using Eqgs. (6.30), (6.31) and (6.33) forb = (2n,2n — 1) and y € B4p.

7 Proof of the formula for the L-kernel

In this section, we derive the IL kernel from the inverse Kasteleyn matrix. Let b; =
(§j,mj), 1 < j <, be the positions of black vertices in Kasteleyn coordinates. We
want to show that

P []L-particles atby, ..., bl] = det (Ln,p (E,-, nis &j, ”f)lgi,j,sl) (7.1)

Note that we have an L-particle at a black vertex of » if and only if a dimer (domino)
e e edge where f] = ej and f> = —e». Hence, by
inant in its rows, we have that
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P [L-particles at by, ..., by ]
2 l

= > [ Katibi + frydet (K3 Gi + 11, 5)

1<i,j<l
Flyenty j=1 Shi=

2
=det | D" Ka(bi, bi + fr)K; ' (bi + fr, b))

ri=1 1<i,j<l

Recall that, from (2.6), we have that
Ka(bi, bi + fi) = (=1~ E+n+h/
and
Ka(bi, bi + fo) = (=)~ &HmtD245,
If we use the formula (2.7) for the inverse Kasteleyn matrix, we see that

2
(=) AZEA S K by, by + [ Ky (b1 + frb2)

r=1

2 —&H+M 1—&+M
“ K., (,72 L oM L)

9 2’
2 e+ 2

m—&E+M —m—-§+M-2
2 ’nl? 2 9

_aKn,p (7]2 +1,

where M = 2m + 1 and we have used (—1)"" = —1 since n; is odd. Thus, to
prove (7.1) it suffices to show that

9’ 29
2 m+ 2

m—&E+M —m—-§+M-2
2 ’nl’ 2

m—&+M m—-&+M
]Ln,p(gl, n; &, m) = Kn,p (772 +1, —— T e—

_aKn,p (772 +1,

Now, with ¢; € {0, 1} we have from (2.5) we have

Kn,p(zr +e1,x;25 +6,y) = —loster<2r+e; lp2r+z;1,2s+sz (x,y)
+ (DTS 41, x325 + €2, y)
- ~1
~ D (@ By v ), b O

L, X325 62, 9).
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Define
: i p—&+M 1—&6+M
7O (€1, s 2, m) = RO, ('72 +1, %; o+ 2, %)
i 2— &+ M 1—&+M-2
—aR(), | m+1, m§ I d . (12
2 2
‘We have to show that
2
DT @+ e x: 25 + 62, ) = L p (1. mis £2. 7). (7.3)
-

Since n; and 1, are odd we can write ny =2s — 1,9 =2r — I sothat n, + 1 = 2r
andn; =2(s — 1)+ 1 and 1 + 2 = 25 + 1. Now by (2.5),

Tn(,orzl(él, n1; &2, 12)

T (N e O A O A O L
2mi (1 —a/z)s—r+l b4
FO,a
_1—=
y s [ A4a T g pre-g241 92 (7.4)
2mi (1 —=a/z)s "
FO,a

Ifn > m,ie.s >r+ 1,then 2s + 1 > 25 — 1 > 2r and the expression in the right
hand side of (7.4) is equal to zero. If n; = 1y, i.e. ¥ = s, we get

a Z(él—éz)/Zdz _aly s, / 882

2mi 1+4az 2mi 1+az
FO,a FO,a
_ _la<p / E1-8)/2 e @
- 2mi z+1/a = h<b\ 7, .
I'_1a

because of the change of orientation from moving the contour I, to the contour
I'_1/4. Thus,

14+a? (1 + az)m—m)/2-1
M<m oo (z — a)(m—m2)/2+1
FO,a

—gy <y Iy =y (—a) @ 75V2, (1.5)

T mim. &) = —1 [E—8/24,

is equal to O since the integrand is analytic
als
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2 - 2—1
1+a (1 + aZ)(m m)/ (EI_SZ)/ZdZ

—Iyy <npllgy <2 i (z — a)m—m)/2+1 ¢
FO,a
1+ a2 a+ az)(ﬂl—’lz)/Z—l E1-8)2
=—(1 = Ip>n — Ly=n)ls<s i (z — a)m—m)/2+1 Pz,
FO,a

The last integral is equal to zero if n; > 7, and hence the last expression equals

1442 7(61=62)/2
—Iy=nls <6 : dz
27i (1+4+az)(z—a)
I'_y/q
2 (m1—n2)/2—1
ey, 1 -I-c.l (14 az)in—mn L6182,
2mi (z — a)(’?l_"IZ)/2+1

FO,a

The first term in this expression equals

1\ ¢1—62)/2
]Im:nz ]IEL <& (_ 5)

so combining this result with (7.5) we find

Tn‘f’,L(sl, n1; &2, 1m2)

2 (n—m2)/2—1
- l+a (14 az)m-m)/ LE1—E)/2,
1=82 o (z — @)m—n2)/2+1
FO,a

(7.6)

Next, using (2.5) and inserting it into (7.2) we get

T €L E2,m2)
1442 / dv v"58/2 (1 4 au)Mm=D/2(y — g)n—m+D/2
dv /
0.

= Qi) o~ W =E 2 (1 1 av) 02y — gy D
F,a FO,a,v

after a short computation. Finally, by (7.2) and (2.5) we see that

T2 &1 s 62, m2)

= (- K)E,,I,H(a—(n1—§1+M)/2,2s+1 +aa_(y—g+m—2)/2,25-1)(k),
b—(n2—§2+M)/2,2r (k))zzm_H(_1)("2*€2+M)/2*(771*$1+M72)/2‘

Now, using (2.5) a computation gives

(=)~ m=s1+M=2)/2 (a—(ny—&+3) 72,2541 (k) + aa_n, —g,+-m—2)/2,25—1(k))

=Dk +a?) dv vE-m-D/2
= @y )™ s

@ Springer



324 M. Adler et al.

a1+ av)('}]*l)/Z(l _ a/v)"*(ﬂlJrl)/Z
(1 +av)*(v —a)**!
= —(1 +a*)Ag, y, (k). (78)

Note that by moving the v-contour in (7.8) inside the u-contour we get the expression
in (2.2). Similarly, by (2.5),

b (=t 0) /2.2 (k) (= 1) (27512

(—D¥ J dv vk (1 + av)*(w — a)**!
(2mi)? ! v —u u&=mtD/2 (1 4 qu)m+D/2(1 — g /v)yn—2=D/2
FO,a FO,a,u

= Bg,.p (k)

Again by moving the v-contour inside the u-contour we get the expression in (2.2).
Thus,

TG s g2m) = = (= Ky Aen) K, Ban ) (14a®). (19)

If we use (7.6), (7.7) and (7.9) we obtain (7.3) which is what we wanted to prove.
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